Abstract. We study the absence of nonnegative global solutions to parabolic inequalities of the type
Introduction and main results.
The broad goal of this paper is to discuss the nonexistence of nonnegative solutions to a class of nonlinear parabolic inequalities of the type Here (−∆) β/2 , 0 < β ≤ 2, is the β/2 fractional power of the Laplacian. The function h > 0 and the potential V ≥ 0 are locally bounded and satisfy some growth conditions at infinity which we shall specify later. The initial data u 0 ≥ 0 is locally integrable and is such that a local solution to (1.1)-(1.2) exists.
Our initial intention is to find a sufficient condition which asserts that any possible local solution to (1.1)-(1.2) ceases to exist after a finite time. Our analysis is divided into two parts. The first part is devoted to the nonexistence of global solutions in the case where the exponent p is sufficiently small, say 1 < p ≤ p c . In the second part we investigate the relationship between the nonexistence result and the behavior at infinity of both the initial data and the function h, where p > p c and the potential V behaves like a|x| −b , a ≥ 0, b > 0, at infinity.
The problem of blowing up solutions has a long history, which dates back to the pioneering work by Fujita [4] on the nonlinear heat equation
Fujita [4, 5] proved that (1.3) has no global positive solutions if 1 < p ≤ p c := 1 + 2/N . On the other hand, we can choose δ > 0 such that (1.3) has a global solution whenever 0 ≤ u 0 (x) ≤ δe −k|x| 2 and p > p c . The number p c is called the critical exponent.
In [6] Galaktionov showed that the critical exponent for the porous medium equation
is m + 1 + 2/N . For the problem
the critical exponent is p c = (m − 1)(s − 1) + (2 + 2s + σ)/N > 0 (see [21] ). We refer the reader to [22] and [1] for other results in this direction. The first result concerning the blow up of solutions to evolution equations with the fractional power of the Laplacian is due to Sugitani [23] who generalized the results of Fujita to the problem
In this case the critical exponent is 1 + β/N . Later Guedda and Kirane [10] discussed the absence of global solutions to (1.5) where h(t) behaves like t σ , σ > −1. Using the method of [4] they showed that nontrivial solutions are not global if 1 < p < 1+β(σ + 1)/N . The proof is based on a reduction of equation (1.5) to an ordinary differential inequality satisfied by u(t) := R N p(x, t)u(x, ·) dx, where p is the fundamental solution of L β := ∂/∂t + (−∆) β/2 .
More recently parabolic-hyperbolic equations and systems associated with the fractional power of the Laplacian have been investigated by Guedda and Kirane [11] . They proved, among other results, that the only global solution to
is the trivial one if 1 < p ≤ p c := 1 + (s + β(1 + σ))/N . The constant p c will appear also in the study of (1.1) with h(x, t) = t s |x| σ . Concerning (1.1) with equality instead of inequality, Zhang [26, 27] studied the problem
In the first paper [26] it is shown that if the potential V satisfies
then all positive solutions blow up at a finite time if 1 < p < 1 + 2/N . The second paper [27] deals with the problem in which the potential V behaves like
In this paper we will prove that in this case the problem has no global solution for any 1 < p ≤ 1 + 2/N and we give a partial answer to the open questions [27, Remark 1.1, . We also obtain a sufficient condition for the local and global nonexistence of solutions for any p > 1.
To understand the influence of both u 0 and h on the nonexistence of solutions, Baras and Kersner [2] proved, among other results, that if
then no global solution to
exists.
As was mentioned at the beginning of this introduction, we are interested in the nonexistence of global solutions to (1.1)-(1.2). We will make the following assumptions.
There exist γ > 0 and l > 0 such that for any compact
and for any 0 < t 1 
We shall prove the following result concerning the absence of global solutions to (1.1)-(1.2). 
is understood in the weak sense, i.e.,
Theorem 1.1 will be proved in Section 2. We shall see from the proof that the positivity condition on the initial data can be relaxed to
if we consider the inequality
In this introduction we have restricted our presentation to V ≥ 0. The general case where V is not necessarily nonnegative is also considered.
In Section 3, we study the nonexistence of local and global solutions to
completing in this way the results of [23] , [2] , [10] , [11] , [19] , [20] .
Assume that h(x, t) ≥ g(x) for any t ≥ 0. Then there is no global nonnegative solution if
In fact, the proof of the above theorem leads us to a necessary condition for local solvability. This condition is given by lim inf 
This means that if
This will be proved in Section 4. The same result was obtained in [14] , [24] for
It is worth noting that those papers were preceded by the work of Baras and Kersner [2] where the local nonexistence of solutions was also studied. The technique we use is based on a duality argument and a judicious choice of test functions [2] , [3] , [15] . The main results of this paper were announced in [9] .
2. Blow up of solutions to a semilinear parabolic problem. In the present section we will give the proof of Theorem 1.1, and we discuss an extension to a more general case where the positivity of V is not required. We first analyze the absence of global nonnegative solutions to
where the potential V ≥ 0 is a locally Hölder, continuous function. For the function h we assume throughout this section that hypothesis (1.7) is satisfied; that is, there exist γ, l > 0 such that
For the convenience of the reader we recall Theorem 1.1 below. 
where p = p/(p − 1). Then Problem (2.1) has the only global nonnegative solution u ≡ 0.
Proof. Without loss of generality we may assume that Ω ⊂ {x ∈ R N ; |x| ≤ 2}. Let u be a global nonnegative solution and ζ be a smooth nonnegative test function such that
According to (2.1) we have
By the Young inequality
Next we consider φ ∈ C ∞ 0 (R + ) satisfying
where α = 1/(βγ) and λ is large enough such that condition (2.5) holds. After the change of variables
using estimate (2.5), we easily obtain
Since s ≤ 0, by (2.3), we conclude from the hypothesis on
where
On the other hand, according to (2.6) and to the Hölder inequality, one finds that the integral R
Passing to the limit as R → ∞ shows that R N +1 + hu p = 0. Thus u = 0, which ends the proof. The above proof leads to the following theorem. Proof. According to the preceding theorem we check that V satisfies hypothesis (2.4). So it is sufficient to show that the function
tends to 0 as R goes to infinity. A routine calculation yields the estimate
, and thus assumption (2.4) holds because βγ < l(p − 1).
To illustrate this analysis by an example we consider h(x, t) = t τ |x| σ . Then the condition l > γβ/(p − 1) reads
Remark 2.2. If we have |u| p instead of u p , the positivity of the initial data may be replaced by R N u 0 ≥ 0. In the same spirit we can obtain the absence of a nontrivial global solution to the problem
Here the function f is assumed to be nonnegative. No assumption on the integrability of f or its regularity are required. A similar result can be obtained if we assume
In [20] the problem u t = ∆u + h(x)u p + λg(x) was considered. It was shown that, for example, if h(x) and g(x) are greater respectively than |x| m and |x| −q for large |x|, then no global nonnegative solution can exist whenever
According to our conclusion, the result still holds if q ≥ N +2 since 1+ 
where V + = max{V, 0}. Then the only global nonnegative solution to Problem (2.1) is u ≡ 0.
Then there exists no nontrivial solution to
4. This corollary proves in particular that the critical exponent 1 + 2/N of the problem
belongs to the blow up case [27] .
since it is easily shown that there exists a global positive solution to
of the form
where 0 < h(t) ≤ C and h (t) ≤ 0 for any t ≥ 0.
Before closing this section we note that the above result can be interpreted as a necessary condition on the exponent p for global solvability. But can we obtain a global solution to (2.1) if p > p c ? In the following section we shall see that the answer depends on the behavior at infinity of both h and the initial data.
Nonexistence of local and global nonnegative solutions to the heat inequality.
In this section we turn our attention to the nonexistence of solution to
where p > 1, 0 < T ≤ ∞, and u 0 ≥ 0 and h > 0 are locally bounded functions. We have argued in Section 2 that if N is small enough any possible local nonnegative solution ceases to exists in a finite time. On the other hand, it is well known [4] , [23] that if p is greater than the critical exponent both global and nonglobal solutions may exist. For Problem (3.1) it is easy to see that if we have
3) is satisfied for any l > 0. Therefore, there is no global nonnegative and nontrivial solution to (3.1) for any p > 1. So our intention here is to study the effect of h on the nonexistence of local and global solutions. This work is motivated by the paper of Baras and Kersner in [2] in which the local solvability of
was considered. The authors proved that the result depends on the behavior at infinity of both u 0 and h. In particular, it is shown that no solution to (3.2) exists if lim
In this section we extend this result to (3.1). We shall show that existence of global solutions requires suitable behavior of the initial data and h at infinity. To prove Theorem 1.2 we shall need some additional lemmas.
Using the estimates
Next, estimate (3.3) is obtained immediately by taking
Together with (3.3) we find that inf |x|>R, 0≤t<T
We then divide by Q T Φh 1−p and let R → ∞ to obtain lim inf
which completes the proof.
From this result one deduces immediately the following corollaries. 
In the case where h(x, t) ≥ g(x) for |x| large we improve results in Corollaries 3.1 and 3.2. In fact our strategy also gives a necessary condition for the global existence.
where C is a positive constant depending on p.
Proof. Since u is also a solution to (3.1) on (0, T ) we deduce from the proof of the previous lemma that
A simple minimization of the right hand side of (3.7) with respect to T > 0 yields (3.6). Next, we take, as above,
and since
we deduce that
Therefore the limit lim inf
is finite.
Now we are in a position to state our main results of this section.
for any t ≥ 0. Then Problem (3.1) has no nonnegative local solution.
Theorem 3.2. Assume that h(x, t) ≥ g(x) and
Then Problem (3.1) has no nonnegative global solution.
Example. Assume h(x) ≈ |x| σ for |x| large and u 0 (x) = C 0 |x| τ . Then we require σ and τ to satisfy
The following result is proved by Kalashnikov [13] , [2] for the heat equation and it is an immediate consequence of Theorem 3.1.
Corollary 3.3. Assume that g(x) goes to infinity with |x|. Then no local solution u exists such that u(x, t) ≥ a > 0 for any (x, t).
Remark 3.1. As was mentioned in [20] , in general if a solution u to (3.1) is not global, it is not easy to prove, via comparison theorems, that there is no global solution to (3.1) with h 1 and v 0 instead of h and u 0 respectively where h 1 ≥ h and v 0 ≥ u 0 . However, it is transparent from Theorem 3.2 that in this case no global nonnegative solution can exist, since
The following result gives a necessary condition for global solvability of (3.1). Proof. We take Φ(x) = ϕ(x/R) where ϕ ∈ C ∞ 0 (R N ) is positive, ϕ = 1 on |x| ≤ 1, ϕ = 0 on |x| ≥ 2 and (−∆) β/2 ϕ ≤ Kϕ. Then Proposition 3.1 shows that
Now take R > r and define
Then we have
Next we define a sequence (w n ) n∈N by w n = F (2 n R). Then
n . Summing these inequalities from 1 to n = j − 1, one sees that
for any j ≥ 2, which yields
and this implies the desired estimate. . Now consider h(x) = |x| l ; then if 1 < p < 1 + (β + l)/N , no global nontrivial solution to (3.1) exists (see [10] ).
Remark 3.3. The proof of Proposition 3.2 produces also a necessary condition for the global existence of solutions to
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This condition is given by the inequality
for any r > 0, where g(x) ≤ h(x, t) and C is a positive constant.
Remark 3.4. By using the test function ζ = (1 − t/T ) p Φ as above, we can also obtain a nonexistence result for the problem (3.11) in which the potential V := V + − V − satisfies, for |x| → ∞,
The above method yields precisely the following estimate:
for any T > 0. As usual we obtain, for γ > 0 and any T > 0,
A routine minimization with respect to T yields
We formulate this conclusion in the following. 
Remark 3.5. From the above results we can derive nonexistence results for the stationary problems of the preceding inequalities. For example there is no nonnegative solution to
Porous medium inequalities.
A simple model of the problem considered in this section is the following:
where p > max{1, m}, m > 0. In the case of equality instead of inequality, the problem
describes processes with a finite speed of propagation of perturbation [22] . It is known that if the initial data u 0 ≥ 0 is a bounded continuous function, then Problem (4.2) has a unique, local-in-time, weak, continuous solution u(x, t) ≥ 0. This solution is not global if 1 < p ≤ m + 2/N (see [22] ). On the other hand, by the same argument as before, if u 0 tends to infinity with |x|, there is no local solution.
In [18] Mukai et al. presented some properties of solutions to (4.2) where initial data slowly decay near x = ∞. For instance, in the case u 0 (x) ∼ λ|x| −a the authors obtained global existence and nonglobal existence in terms of λ > 0 and a ≥ 0.
In [21] it is proved that any nontrivial local solution to (4.2) blows up in finite time if 0 < m < 1 and 1 < p < m + 2/N . Concerning Problem (4.1), with the help of the argument used in Section 2, we easily get the following. 
and λ 1 is the first eigenvalue of −∆ in the unit ball B with zero Dirichlet boundary condition. Then we have Proof. Assume that (4.1) has a global solution with the initial data u 0 . Arguing as in the proof of Proposition 3.1 we first deduce that for any
, ϕ 1 ≥ 0, be the first eigenfunction of −∆ in the unit ball B:
and using (4.5) with Φ(x) = ϕ(x/R) yields
we infer that
Changing the variables y = Rx yields
Passing to the limit as R → ∞ implies
C(p, m).
This contradicts (4.4) and the proof is finished.
The above result can be easily extended to the inequalities
Here we obtain the nonexistence result for 0 < m ≤ 1 and −2 < l < 0. Proof. Assume that u is a global nonnegative solution to (4.6). Put
where ϕ 1 is the first eigenfunction satisfying B ϕ 1 = 1. Using (4.6) we deduce that
for all t ≥ 0, thanks to the Jensen and Hölder inequalities. Next a simple analysis of the above ordinary differential inequality yields the estimate
; that is,
Now we conclude as in the proof of Proposition 4.1.
Remark 4.1. Let us consider the particular case
where u 0 (x) ∼ |x| −a for |x| large. Set
According to our discussion, if 0 ≤ a < a there is no global solution. On the other hand, it is shown in [18] that if a < a < N where β = 2 and p > m + 2/N , then there exist global solutions to u t = ∆u m + u p such that the limit lim |x|→∞ u(x, 0)|x| a is finite and positive. Based on this observation it is natural to address the following question. Can we identify all real a such that the corresponding solution is not global? Is the constant a the threshold between the blow up case and the global existence if p > m+β/N ? For (3.10) the answer is no. In fact a may be infinite as we now show. For simplicity we take m = 1 and consider
where λ > 0, with f ≥ 0 satisfying
By the same strategy as in the proof of Theorem 2.1, one easily obtains the nonexistence of global solutions for any nonnegative initial data even if the data has compact support. Now if we assume that lim inf |x|→∞ f (x) p−1 |x| β > 0, then there exists λ c > 0 such that the problem has no global solution for any λ > λ c . Note that the last condition on f asserts that if
which is the same condition as in [20] for the case β = 2. However if 1 < p < β/2 and if we take, for example,
then the function f /|x| N −2 is integrable, but there is no global solution for λ large.
In the next section we shall show that a similar result is valid for an inequality with gradient-dependent diffusivity (so-called p-Laplacian operator).
Parabolic inequalities associated to the p-Laplacian operator.
In this section we will obtain reasonable assumptions for the nonexistence of global nonnegative solutions to
where q > p − 1 > 0 and ∆ p is the p-Laplacian operator defined by
To this end we will follow the strategy of the previous sections. The stationary problem was considered by many authors. In that case it is known [12] 
where a is any positive number. Later Mitidieri and Pokhozhaev [16] showed the nonexistence of nonnegative solutions to
if one of the following conditions holds:
For Problem (5.1) with h = 1 Mitidieri and Pokhozhaev [17] proved the absence of global solutions if q is not (strictly) larger than a critical exponent. These results are preceded by the work of Galaktionov [6] , [7] on the problem
He showed that if 1 ≤ p < p − 1 + p/N then no global nontrivial solution exists, while for q > p−1+p/N there is a class of small global solutions. This means that the critical exponent for the last equation is q c = p − 1 + p/N . In this section we will combine the argument of [16] and the technique used above to obtain necessary conditions for the existence of local and global solutions to (5.1). Below we assume the function h satisfies condition (2.2). The first result on nonexistence of global nonnegative solutions to (5.1) is formulated below. Proof. Let u be a nonnegative solution to (5.1) with initial data u 0 . Without lost of generality we may suppose that u > 0. Let −1 < α < 0 be a fixed number. Taking u α ζ as a test function where ζ ∈ C ∞ 0 (R
Making use of the Young inequality once and twice, one finds, for
This implies in particular
The remainder of the proof is based on an appropriate choice of the test function ζ. As in the first section, we consider
where γ 1 , γ 2 are real parameters which will be specified later and the nonnegative function ϕ ∈ C ∞ 0 (R + ) is defined by (2.8)-(2.9) in Section 2. After the standard change of variables t → tR −γ 1 and x → xR −γ 2 , inequality (5.3) takes the form
where r = 1
Here the real l is determined from the asymptotic behavior at infinity of h, that is,
for R large. The expression of r is obtained with the help of the following assumption on γ 1 and γ 2 :
Therefore there exists N c > 0 such that if N ≤ N c then r ≤ 0 and so u ≡ 0, which ends the proof.
Remark 5.1. To conclude we obtain, as in Section 2, an estimate of the integral
Since this estimate is the key to nonexistence of local and global solutions if N > N c , we give here its proof.
Lemma 5.1. Assume that q > max{p − 1, 1}. Let u be a local positive solution to (5.1). Then for any α ∈ (−(q + 1 − p)/p, 0), there exists a > 0 such that
Proof. In fact, since by (5.1),
The last integral can be written as
Therefore, by the Hölder inequality, we get
, where (p − 1 − q)/p < α < 0 and
. Next using estimate (5.3), we deduce for some positive constant K the desired estimate Therefore if q ≤ p − 1 + p/N then the exponent r 1 is nonpositive, which leads to the conclusion u ≡ 0.
In the remainder of this section we argue as in Section 3 to exhibit necessary conditions for local and global existence of solutions to The following result gives a sufficient condition for nonglobal solvability. It is easily seen [12] that the function
is a solution to ∆ p u + u q = 0 in R N \ {0}. Note that this solution is locally integrable if q > p − 1 + p/N .
Remark 5.4. If we have −u q instead of u q , Gmira [8] showed that the problem u t = div(|∇u| p−2 ∇u) − u q has a global solution u such that lim |x|→∞ u(x, t)|x| p/(q−p+1) = ∞ for any t.
We finish this section with an extension of Theorem 3.2. 
